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Independence of ℓ for the supports in the Decomposition
Theorem
Shenghao Sun∗
Abstract
In this note, we prove a result on the independence of ℓ for the supports of irreducible
perverse sheaves occurring in the Decomposition Theorem, as well as for the family of
local systems on each support. It generalizes Gabber’s result on the independence of ℓ
of intersection cohomology to the relative case.
1 Introduction
We work with e´tale cohomology theory (or, more accurately, ℓ-adic cohomology) of schemes
here. Let f : X → Y be a proper morphism of algebraic varieties over a separably closed
field k, and let ICX(Qℓ) be the ℓ-adic intersection complex on X. By the decomposition
theorem [1, The´ore`me 6.2.5], Rf∗ICX(Qℓ) splits into a direct sum of shifted semisimple
perverse sheaves. (Although the theorem cited above is stated for k = C, the proof works
in general.) It is then natural to expect that the supports of the irreducible perverse sheaves
occurring in the decomposition are independent of ℓ 6= p. This is clear if char k = 0, by
reducing to the case where k = C and comparing with C-coefficients.
The question can be raised from another perspective, and made more general. One has
the following conjecture on “independence of ℓ” under pushforwards. Given an Fq-morphism
f : X → Y between Fq-schemes of finite type, and given a compatible system {Fi}I of
irreducible lisse sheaves on X (see Definition 2.1 (i) below for definition), one predicts that
for each integer n, the family of constructible sheaves {Rnf∗Fi}I are lisse on the strata of
a common stratification of Y and that on each stratum, their restrictions are compatible;
similarly for the other operations. Note that the assumption on lissity of Fi is necessary,
since a lisse sheaf (which may have no global sections) could be compatible with the direct
sum of a punctual sheaf (which always have global sections) and another constructible
sheaf; similarly, the assumption on irreducibility rules out for instance nontrivial extensions
of constant sheaves. Some results in this direction are given by Illusie [9], who showed, in
particular, that there is a stratification {Yi}i of Y , such that all the sheaves R
nf∗Zℓ (as
well as Rnf!Zℓ), as n and ℓ 6= p vary, are lisse on each Yi (see loc. cit., Corollaire 2.7).
Our main result Theorem 3.2 could be regarded as a variant of this conjecture with
respect to the perverse t-structure; namely, we prove that if f is proper, then for each
n, the family of semisimplified perverse sheaves pRnf∗(Fi)
ss is “independent of i”: the
supports of their irreducible constituents are the same, and the family of local systems on
each support is compatible. As a corollary, we have
Theorem 1.1. For a proper morphism f : X → Y of Fp-schemes of finite type, the set
of supports occurring in the decomposition of Rf∗ICX(Qℓ) is independent of ℓ. Moreover,
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as ℓ 6= p varies, the local systems occurring in the decomposition over each stratum form a
compatible system (with respect to some model defined over a finite subfield of Fp).
This can be regarded as the relative version of a result of Gabber [8].
1.2. We fix some notations and conventions.
1.2.1. We work over a finite field Fq of characteristic p. Here “ℓ”, as well as “ℓi” in the
sequel, denote prime numbers different from p. Let F be a fixed algebraic closure of Fq. We
always assume k-schemes to be of finite type over their base field k. We only work with
middle perversity [1, Section 4].
1.2.2. Let X be a k-scheme. We say that X is essentially smooth if (Xk)red is smooth over
k. When k is perfect (e.g. a finite field), this is equivalent to Xred being regular. A Qℓ-lisse
sheaf is sometimes called an ℓ-adic local system.
1.2.3. Let X be a k-scheme, and let Z be an essentially smooth irreducible locally closed
subscheme of X. Let j : Z → Z be the open immersion of Z into its closure in X. Let L
be an ℓ-adic lisse sheaf on Z. We will denote the intermediate extension j!∗L[dimZ] (see
[1, p. 58]), or its extension-by-zero to X, by ICZ(L), and call it the intersection complex
defined by the local system L.
We also denote the closure of Z in X by ClX(Z), when there is a possible confusion
(e.g. in Lemma 2.7.1).
1.2.4. Let X be an irreducible k-scheme, j : U → X an essentially smooth open subset of
X, and let L be an ℓ-adic local system on U . We say that U is the maximal support of
L, if for any essentially smooth open subset V of X, such that the local system L|U∩V can
be extended to a local system on V , we have V ⊂ U . Given L on U , its maximal support
always exists: it is the union of all essentially smooth open sets of X over which the sheaf
j∗L is lisse.
1.2.5. Let X be a k-scheme and let P be an ℓ-adic perverse sheaf on X, with irreducible
constituents ICXα(Lα), where for each α, Lα is an irreducible local system with maximal
support Xα ⊂ Xα. Then we say that Xα (resp. Xα) is a support (resp. a closed support)
occurring in P .
1.2.6. The Grothendieck group K(X,Qℓ) of D
b
c(X,Qℓ), which is also the Grothendieck
group of Perv(X,Qℓ), is isomorphic to the free abelian group generated by the isomorphism
classes of irreducible perverse sheaves onX (see [12, 0.8]). This is the case for any noetherian
and artinian abelian category.
For K ∈ Dbc(X,Qℓ), let [K] be its image in the Grothendieck group. Then we have
[K] =
∑
n
(−1)n [pH nK].
For the given K ∈ Dbc(X,Qℓ), there exist two semisimple perverse sheaves P
+ and P−
without common irreducible factors, such that
[K] = [P+]− [P−],
and they are unique up to isomorphism. We shall call it the canonical representative of
[K]. It is obtained from the identity above after cancellation.
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1.2.7. When k is a finite field, we work with Weil sheaves [5, De´finition 1.1.10] and Weil
complexes [14, 2.4.2] in this article. The category of bounded ℓ-adic Weil complexes on X
over Fq is denoted W
b(X,Qℓ). Although this is not a triangulated category, one can still
talk about exact triangles in it: they are diagrams
(K1, ϕ1) // (K2, ϕ2) // (K3, ϕ3) // (K1[1], ϕ1[1])
such that K1 → K2 → K3 → K1[1] is an exact triangle in D
b
c(XF,Qℓ). Perverse sheaves
are understood in this setting, and the notions in (1.2.4, 1.2.5, 1.2.6) above generalize to
perverse Weil sheaves PervW (X,Qℓ). For instance, the Grothendieck group K
W (X,Qℓ)
is the free abelian group generated by isomorphism classes of irreducible perverse Weil
sheaves. Let W bm(X,Qℓ) be the full subcategory of W
b(X,Qℓ) consisting of mixed Weil
complexes.
1.2.8. Let X be an Fq-scheme, and x ∈ X(Fqv) (or x ∈ |X|, namely a closed point). Let
F be a Qℓ-sheaf on X. We denote by P
F
x (t) the polynomial [5, 1.1.8]
det(1− Frobx · t,F ) ∈ Qℓ[t],
and define the L-function L(F , t) to be
L(F , t) =
∏
x∈|X|
1
PFx (t
deg(x))
,
where deg(x) = [k(x) : Fq] is the degree of x. Both extend to F ∈W
b(X,Qℓ):
PFx (t) :=
∏
i∈Z
PH
i(F )
x (t)
(−1)i ∈ Qℓ(t),
and depends only on the image [F ] of F in the Grothendieck group of ℓ-adic Weil sheaves.
1.2.9. Given b ∈ Q
×
ℓ , denote by Q
(b)
ℓ the Weil sheaf on Spec Fq of rank 1 on which the
geometric Frobenius acts as multiplication by b. Given an Fq-scheme X with structural
map a : X → Spec Fq, and an ℓ-adic Weil sheaf F on X, let F
(b) be F ⊗ a∗Q
(b)
ℓ , called a
Tate twist deduced from F . (See [5, 1.2.7], but be aware of the difference that, to simplify
the notation, we work over a fixed finite field Fq, rather than over Fp.)
1.2.10. For the perverse t-structure on k-Artin stacks (always assumed of finite presenta-
tion), see [11]; for the L-functions of Fq-Artin stacks, see [14, Definition 4.1]. The other
notions above then all generalize without much difficulty to Artin stacks.
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2 Perverse compatible systems
In this section, we review the notion of a compatible system and define its variant for the
perverse t-structure, called a a perverse compatible system, and show their relations.
Let E be a number field, and let I be a set of pairs i = (ℓi, σi), where ℓi is a rational
prime number not equal to p, and σi : E →֒ Qℓi is an embedding of fields. Note that, to
give an embedding E → Qℓ is the same as giving a finite place λ of E over ℓ.
Part (i) in the following definition, at least for Ki sheaves, is well-known; see for instance
[13, Chapter I, Section 2.3] for number fields.
Definition 2.1. Let X be an Fq-scheme, and for each i ∈ I, let Ki ∈W
b(X,Qℓi).
(i) We say that {Ki}I is a weakly (E, I)-compatible system, if for every integer v ≥ 1
and for every point x ∈ X(Fqv ), there exists a number tx ∈ E such that
σi(tx) = Tr(Frobx,Ki)
for all i ∈ I.
(ii) We say that {Ki}I is a strongly (E, I)-compatible system, if for each n ∈ Z, the
system of cohomology sheaves {H nKi}I is a weakly (E, I)-compatible system.
(iii) Assume that Ki = Pi are perverse sheaves. We say that {Pi}I is perverse (E, I)-
compatible, if there exist a finite number of essentially smooth irreducible locally closed
subschemes Xα →֒ X, and for each α a weakly (E, I)-compatible system {L
i
α}I of semisim-
ple local systems on Xα, such that each irreducible factor of L
i
α has Xα as its maximal
support (inside Xα), and that
P ssi ≃
⊕
α
ICXα(L
i
α)
for all i. Here P ssi denotes the semi-simplification of Pi in the abelian category of perverse
sheaves.
(iv) Once again, let Ki ∈ W
b(X,Qℓi). We say that {Ki}I is a weakly perverse (E, I)-
compatible system if, letting
[Ki] = [P
+
i ]− [P
−
i ]
be the canonical representatives (1.2.6), both {P+i }I and {P
−
i }I are perverse (E, I)-compatible.
(v) We say that {Ki}I is a strongly perverse (E, I)-compatible system, if for each n ∈ Z,
the system of perverse cohomology sheaves {pH n(Ki)}I is perverse (E, I)-compatible.
These notions apply to Fq-Artin stacks X as well.
Remark 2.2. (i) Basically a “weak” version of the notion depends only on the image in the
Grothendieck group, so there could be cancellations between cohomologies of even indices
and odd indices, and the weak notion could not see shifts of indices by even integers. A
“strong” version is for the cohomology objects, so cancellations and shifts are not allowed.
(ii) For a system {Fi}I of sheaves, the notions (i) and (ii) in Definition 2.1 are the same,
and we simply say that {Fi}I is an (E, I)-compatible system of sheaves.
(iii) The condition in Definition 2.1 (i) is equivalent to the one given in [8, 1.2]: for each
closed point x ∈ |X|, there exists a rational function Px(t) ∈ E(t) such that
σi(Px(t)) = P
Ki
x (t), ∀i ∈ I.
This is because formally we have
−t
d
dt
log PKx (t) =
∞∑
r=1
Tr(Frobrx,K)t
r.
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The advantage of our definition is that it applies to Artin stacks as well.
(iv) Note that, in the situation of (1.2.4), if L = L1⊕· · ·⊕Ln is a direct sum of sub-local
systems, then the maximal support of L is the intersection of those of the Li’s; in particular,
the maximal support of a direct factor of L could be larger than that of L. In Definition 2.1
(iii) above, the condition we impose is then different from asking the Liα’s to have maximal
support Xα.
Lemma 2.3. Let X be a connected Fq-scheme and let {Fi}I be an (E, I)-compatible system
of punctually pure lisse sheaves on X; assume Fi 6= 0. Let wi ∈ Z be the weight of Fi.
Then the numbers wi (i ∈ I) are all equal.
Proof. Take any closed point x ∈ |X|; then by Remark 2.2 (iii) there is a polynomial
Px(t) ∈ E[t] such that
σi(Px(t)) = P
Fi
x (t), ∀i ∈ I.
The weight of Fi is then the weight of any reciprocal root of Px(t) relative to q
deg(x), with
respect to an arbitrary embedding E → C, hence independent of i.
Following [6, 0.9], we give the following definition.
Definition 2.4. For an Fq-scheme X and K ∈ W
b(X,Qℓ), we say that K is algebraic,
if Tr(Frobx,K) is an algebraic number in Qℓ (i.e. algebraic over Q), for any v ≥ 1 and
x ∈ X(Fqv ).
Clearly, being algebraic or not depends only on the image [K] of K in the Grothendieck
group of Weil sheaves. If {Ki ∈ W
b(X,Qℓi)}I is a weakly (E, I)-compatible system on X,
then each Ki is algebraic (since E consists of algebraic numbers). Mixed complexes are by
definition algebraic.
Now we recall the following theorem of Drinfeld, based upon earlier results of Chin and
Deligne, which is the key ingredient of this article.
Theorem 2.5. Let X be a smooth connected Fq-scheme, and let F be an irreducible lisse
ℓ-adic sheaf on X, whose determinant has finite order. Then there exists a number field
E with an embedding σ : E →֒ Qℓ, such that for each point x ∈ |X|, the polynomial
PFx (t) ∈ Qℓ[t] has coefficients in σ(E), and that for every finite place λ of E not lying over
p, there exists a lisse Eλ-sheaf G which is compatible with F .
This follows from [6, The´ore`me 1.6], [7, Theorem 1.1] and [3, Main Theorem]. Note that
such a G is necessarily unique and irreducible: it is irreducible by looking at the order of the
L-function L(G ⊗G ∨, t) at t = q−dimX (the irreducibility is also mentioned in the statement
of loc. cit.). If we know that such a lisse sheaf G must be an e´tale sheaf (rather than just a
Weil sheaf), then it is determined, according to the usual Cˇebotarev’s density, by its local
characteristic polynomials P Gx (t). As the polynomial P
det(G )
x (t) is determined by P Gx (t), we
see that det(G ) is compatible with det(F ), hence it is also of finite order, therefore det(G ),
as well as G itself by [5, Proposition 1.3.14], are e´tale sheaves. It is sometimes called an
Eλ-companion of F .
In the following, for the uniqueness of companions, we need a “Cˇebotarev’s density
theorem” for semisimple lisse Weil sheaves on normal Fq-schemes. Note that, in contrast
to the fundamental group, the local Frobenius elements are not dense in the Weil group.
One could prove a more general version for the Grothendieck group KW (X,Qℓ), analogous
to the formulation in [8, §1] or [12, The´ore`me 1.1.2], but for our purpose, we only need this
elementary version.
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Lemma 2.5.1. Let X be an integral normal Fq-scheme, and let F1 and F2 be two semisim-
ple lisse ℓ-adic sheaves on X. If PF1x (t) = P
F2
x (t) for all x ∈ |X|, then F1 ≃ F2.
Following 1.2.7, by sheaves we mean Weil sheaves here.
Proof. Let Fqr be the algebraic closure of Fq in the function field of X. Because X is
normal, the structural morphism X → Spec Fq factors through Spec Fqr . Replacing Fq by
Fqr , we may assume that X is geometrically integral. Then X satisfies the hypothesis at
the beginning of [5, Section 1.3] (namely, normal and geometrically connected).
Let F1 ≃ L1⊕· · ·⊕Ln be the decomposition into irreducible lisse sheaves. By [5, 1.3.6],
for each i = 1, · · · , n, certain Tate twist L
(1/bi)
i of Li, for some bi ∈ Q
×
ℓ , has determinant
of finite order, so it is an e´tale sheaf [5, Proposition 1.3.14]. Clearly, L
(u/bi)
i is also an e´tale
sheaf for any ℓ-adic unit u. If x ∈ |X|, and αi is an eigenvalue of Frobx on Li, then αi/b
deg(x)
i
is an eigenvalue on L
(1/bi)
i , which, by [6, The´ore`me 1.6], is a Weil number of weight 0 and,
a fortiori, is an ℓ-adic unit. Let v : Q
×
ℓ → Q be the ℓ-adic valuation on Qℓ, normalized
such that v(ℓ) = 1. Then v(αi) = deg(x)v(bi); in particular, v(αi) is independent of the
choice of the eigenvalue αi. Let ci = ℓ
v(αi)/ deg(x). Here we have chosen, once and for all,
a compatible family of roots ℓ1/k of ℓ in Qℓ (i.e. the k
′-th power of the (kk′)-th root is the
k-th root). Then bi/ci is an ℓ-adic unit, so that L
(1/ci)
i is also an e´tale sheaf. Note that the
value of v(αi)/deg(x) is also independent of the choice of x, and by [5, Proposition 1.3.14],
the number ci, up to ℓ-adic units, is the only one such that L
(1/ci)
i is an e´tale sheaf.
Now we group the direct factors Li according to the values v(αi)/deg(x), to obtain
F1 ≃M1 ⊕ · · · ⊕Mr,
where each Mk is the direct sum of those Li’s with the same value of v(αi)/deg(x). The
polynomials PMkx (t) can be read off from P
F1
x (t), by looking at the ℓ-adic valuations of the
reciprocal roots of PF1x (t). Moreover, the Tate twist M
(1/cik )
k , where Lik is a direct factor
of Mk, is an e´tale sheaf, hence is determined, up to isomorphism, by the knowledge of all
the polynomials P
M
(1/cik
)
k
x (t), x ∈ |X|, by the usual Cˇebotarev’s density theorem. Twisting
back, we see that F1 is determined by P
F1
x (t), x ∈ |X|.
Corollary 2.5.2. Let X be a smooth connected Fq-scheme, and let F be an algebraic lisse
Qℓ-sheaf on X. Then there exists a number field E with an embedding σ : E →֒ Qℓ, contain-
ing all the local Frobenius traces of F , and that for every embedding σ′ : E →֒ Qℓ′ , ℓ
′ 6= p,
there exists a unique semisimple lisse Qℓ′-sheaf, denoted F
σ′ , which is compatible with F .
In the sequel, we also call Fσ
′
the σ′-companion of F .
Proof. The uniqueness follows from Lemma 2.5.1. To see its existence, after semisimplifi-
cation, we may assume that F is semisimple, and let
F = L1 ⊕ · · · ⊕ Ln
be the decomposition into irreducible lisse sheaves. Then each Li is algebraic: for each
x ∈ |X|, the polynomial PLix (t) divides P
F
x (t), whose roots are algebraic numbers. This
reduces us to the case where F is irreducible: one simply takes E to be the composite of
all those fields Ei ⊂ Qℓ corresponding to Li, and takes F
σ′ to be ⊕Lσ
′
i .
So we assume that F is irreducible. Replacing Fq by its algebraic closure in the function
field of X, we may assume that X is geometrically irreducible. By [5, 1.3.6], certain Tate
twist F (1/b) of F , for some b ∈ Q
×
ℓ , has determinant of finite order, hence is algebraic,
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by [6, The´ore`me 1.6]. Therefore, the number b is algebraic. We take E
σ
→֒ Qℓ to be the
subfield generated by the number b and a subfield for F (1/b), given by Theorem 2.5; it
clearly contains all the local Frobenius traces of F . For any embedding σ′ : E →֒ Qℓ′ , with
G the σ′-companion of F (1/b), again given by Theorem 2.5, we take Fσ
′
to be the Tate
twist G (σ
′(b)) of G .
One observes that, if F is mixed and lisse, then Fσ
′
is also mixed, and they have the
same weights.
The following lemma shows that, compatible semisimple local systems have the same
maximal support. An extension of the pair (E, I) is another pair (E′, I ′) together with a
bijection I → I ′ of the form
(ℓi, σi) 7→ (ℓi, σ
′
i),
where E′/E is a finite extension and for each i ∈ I, σ′i is an extension of σi to E
′. In
other words, if we interpret the embeddings σi (resp. σ
′
i) as finite places λi of E (resp. finite
places λ′i of E
′), then we ask λ′i to be a place of E
′ lying over λi.
Lemma 2.6. Let X be an irreducible Fq-scheme, and let U1 and U2 be two essentially
smooth open subsets in X. For i = 1, 2, let Li be a semisimple lisse Qℓi-sheaf on Ui, having
Ui as maximal support, and let σi : E → Qℓi be an embedding. Let I = {(ℓi, σi)|i = 1, 2}. If
L1 and L2 are (E, I)-compatible on some non-empty open set U ⊂ U1 ∩ U2, then U1 = U2.
Proof. After making an extension of (E, I) if necessary, we may assume, by Corollary 2.5.2,
that L1 has a σ2-companion M on U1, and vice versa for L2. Then M |U and L2|U are
semisimple, so they are both σ2-companions of L1|U , and by uniqueness we have M |U ≃
L2|U . As π1(U) is mapped onto both π1(U1) and π1(U2), we see that j∗L2 is lisse over
U1 ∪ U2, where j : U2 → X is the open immersion. So U1 ⊂ U2, by the maximality of U2.
By symmetry we have U2 ⊂ U1 as well.
Now we prove two key propositions, relating compatibilities in the natural t-structure
and the perverse t-structure. For Proposition 2.7, the proof, in a large part, focuses on
the case when X is integral. To reduce the general case to the integral case, we need
Lemma 2.7.1, whose proof repeats part of the integral case. So we put Lemma 2.7.1 after
Proposition 2.7, to reduce the repetition.
Proposition 2.7. Let {Pi}I be a system of mixed perverse sheaves on an Fq-scheme X. If
they are weakly (E, I)-compatible, then they are perverse (E, I)-compatible.
Proof. It suffices to prove it for I = {1, 2}. Since [Pi] = [P
ss
i ], we may assume that the Pi’s
are semisimple perverse sheaves. We may replace X by the union of the closed supports
occurring in P1 or P2, with the reduced subscheme structure. Let
X =
r⋃
i=1
Xi
be the decomposition of X into irreducible components, and put X01 = X − ∪
r
i=2Xi. Let
j : X01 → X be the open immersion. Then {j
∗Pi}I is a weakly (E, I)-compatible system of
semisimple mixed perverse sheaves on X01 . If we can show that {j
∗Pi}I is perverse (E, I)-
compatible, then by Lemma 2.7.1 (i), to be proved in the following, the system {j!∗j
∗Pi}I is
perverse (E, I)-compatible, as well as weakly (E, I)-compatible by Lemma 2.7.1 (ii). Then
we use induction on the length of Pi: by induction hypothesis, {Pi/j!∗j
∗Pi}I , being weakly
(E, I)-compatible, is perverse (E, I)-compatible, and therefore
Pi ≃ (j!∗j
∗Pi)⊕ (Pi/j!∗j
∗Pi), i = 1, 2,
7
is also perverse (E, I)-compatible. This allows us to replace X by X01 , assuming X to be
irreducible.
Either P1 or P2 has an open support (since X is the union of the closed supports),
and so does the other, as one sees by restricting them to an open subset. Let X0 be the
intersection of all supports occurring in either P1 or P2 that are open, and let Y be the
union of all proper (i.e. 6= X) closed supports occurring in P1 or P2. We put U = X
0 − Y ,
and let Fi be the semisimple mixed Qℓi-local system
Fi = H
−dimX(Pi|U ) = (Pi|U )[− dimX]
on U . Then U is regular and irreducible, and F1 and F2 are (E, I)-compatible. The point
is to show that, after grouping the irreducible factors of Fi according to their maximal
supports inside X, the groups, one by one, are still (E, I)-compatible.
Let
F1 = L1 ⊕ · · · ⊕ Ln (resp. F2 =M1 ⊕ · · · ⊕Mm)
be the decomposition into irreducible lisse sheaves. By [5, The´ore`me 3.4.1], these direct
factors are punctually pure. And by the (E, I)-compatibility, the weights of F1 (with
multiplicities) coincide with the weights of F2. Let L1 be of maximal weight among the
Lj’s.
By Corollary 2.5.2, there is a finite extension E′ of E, which we may take to be Galois,
embedded in Qℓ1 via some (any) fixed extension σ
′
1 of σ1, containing all local traces of the
Lj’s, such that for any embedding σ
′ : E′ → Qℓ′ , ℓ
′ 6= p, and for any 1 ≤ j ≤ n, the σ′-
companion Lσ
′
j of Lj exists. Clearly, L
σ′
j is punctually pure of the same weight as Lj. Note
that, given an embedding of E into an algebraically closed field F , such as Qℓi , extensions
to E′, HomE(E
′, F ), form a torsor under Gal(E′/E). We fix an embedding σ′2 : E
′ → Qℓ2 ,
extending σ2, and let I
′ = {(ℓ1, σ
′
1), (ℓ2, σ
′
2)}.
We claim that
• for any τ ∈ Gal(E′/E), giving rise to another extension σ′1 ◦ τ of σ1, and for any j,
the (σ′1 ◦ τ)-companion L
σ′1◦τ
j is isomorphic to Lj′ for some j
′, and that
• the σ′2-companion L
σ′2
1 is isomorphic to some Mj.
The first one is clear: we have
F
σ′1◦τ
1 ≃ L
σ′1◦τ
1 ⊕ · · · ⊕ L
σ′1◦τ
n ,
in which each L
σ′1◦τ
j remains irreducible (using L-functions), and F1 ≃ F
σ′1◦τ
1 , because F1
is semisimple with local Frobenius traces contained in σ1(E). The second claim follows
from an argument using L-functions. We see that F2 ⊗ (L
σ′2
1 )
∨ is (E′, I ′)-compatible with
F1 ⊗ L
∨
1 . Then we look at the order of the L-function L(F2 ⊗ (L
σ′2
1 )
∨, t) at t = q− dimU .
By the Grothendieck-Lefschetz fixed-point formula, we have
L(F2 ⊗ (L
σ′2
1 )
∨, t) =
m∏
j=1
L(Mj ⊗ (L
σ′2
1 )
∨, t)
=
m∏
j=1
2 dimU∏
i=0
det(1− Frobq · t,H
i
c(UF,Mj ⊗ (L
σ′2
1 )
∨))(−1)
i−1
,
and the lisse sheaves Mj ⊗ (L
σ′2
1 )
∨, which are all punctually pure, have only non-positive
weights, by our choice of L1. By Deligne’s theorem on weights [5, Corollaire 3.3.4], only
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those factors with i = 2dimU could possibly contribute to the order at t = q− dimU , and
we have
−ordt=q− dimUL(F2 ⊗ (L
σ′2
1 )
∨, t) =
m∑
j=1
dim
(
H0(UF,M
∨
j ⊗ L
σ′2
1 (dimU))
∨
)Frobq=qdimU
=
m∑
j=1
dim
(
H0(UF,M
∨
j ⊗ L
σ′2
1 )
∨
)Frobq=1
=
m∑
j=1
dimH0(U,M∨j ⊗ L
σ′2
1 )
=
m∑
j=1
dimHomU (Mj , L
σ′2
1 )
= #{1 ≤ j ≤ m | Mj ≃ L
σ′2
1 }.
Here “V ϕ=λ” denotes the eigenspace of an operator ϕ on a vector space V with eigenvalue
λ, and for the first equality to hold we need the fact that the lisse sheaves Mj ⊗ (L
σ′2
1 )
∨ are
semisimple (the tensor product of two semisimple local systems is again semisimple: see [2,
Chapitre IV, Proposition 5.2]).
Say M1 ≃ L
σ′2
1 . Then ⊕
n
j=2Lj is (E
′, I ′)-compatible with ⊕mj=2Mj . Continuing this
process, we see that n = m, and that Lj and Mj are (E
′, I ′)-compatible after a possible
relabelling.
Let H ⊂ Gal(E′/E) be the subgroup of all τ ’s such that L
σ′1◦τ
1 ≃ L1; equivalently, it is
the subgroup that, under the Galois correspondence, corresponds to the intermediate field
of σ′1(E
′)/σ1(E) generated by all local Frobenius traces Tr(Frobx, L1), x ∈ U(Fqv). Let
Gal(E′/E) =
h∐
a=1
τaH
be the right-H-cosets decomposition. We define
L˜1 :=
h⊕
a=1
L
σ′1◦τa
1 ,
and say that the irreducible factors of L˜1 are Galois conjugate to one another. These direct
factors are mutually non-isomorphic. It is independent, up to isomorphism, of the choice
of the coset representatives τa. Its local Frobenius traces, a priori in σ
′
1(E
′), are invariant
under Gal(E′/E), hence are contained in σ1(E). In fact, for any τ ∈ Gal(E
′/E), also
viewed as an automorphism of σ′1(E
′)/σ1(E), and for any x ∈ U(Fqv), we have
τTr(Frobx, L
σ′1◦τa
1 ) = Tr(Frobx, L
σ′1◦(ττa)
1 ),
and left multiplication by τ permutes the right-H-cosets τaH, 1 ≤ a ≤ h. If for each a,
we choose a number 1 ≤ ja ≤ n such that Lja ≃ L
σ′1◦τa
1 , then we may identify L˜1 with a
semisimple lisse subsheaf of F1, namely Lj1 ⊕ · · · ⊕ Ljh . Define
M˜1 :=Mj1 ⊕ · · · ⊕Mjh ,
viewed as a lisse subsheaf of F2. Then L˜1 and M˜1 are (E, I)-compatible. By Lemma 2.6,
each one of Lja and Mja , and hence L˜1 and M˜1, have the same maximal support, denoted
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by V , as that of L1. Also, since each L
σ′1◦τa
1 has the same weight as L1, we see that L˜1, as
well as M˜1, are punctually pure, and they have the same weight.
By [8, Theorem 3], we see that ICX(L˜1) and ICX(M˜1) are weakly (E, I)-compatible.
Restricting to V , we see that L˜1 and M˜1 are (E, I)-compatible on their maximal support
(i.e. ρ∗L˜1 and ρ∗M˜1, where ρ : U → V is the open immersion, are (E, I)-compatible). Then
by the additivity of local traces in exact triangles, the quotient perverse sheaves P1/ICX(L˜1)
and P2/ICX(M˜1) are weakly (E, I)-compatible, and by induction on the length of Pi, we
are done.
Lemma 2.7.1. (i). Let j : U → X be an immersion of Fq-schemes, and let {Pi}I be
a perverse (E, I)-compatible system of semisimple mixed perverse sheaves on U . Then
{j!∗Pi}I is perverse (E, I)-compatible.
(ii). Let {Pi}I be a perverse (E, I)-compatible system of semisimple mixed perverse
sheaves on an Fq-scheme X. Then {Pi}I is weakly (E, I)-compatible.
Proof. (i). Let Uα →֒ U be a finite collection of essentially smooth irreducible locally closed
subschemes in U , {Liα}I be an (E, I)-compatible system of semisimple local systems on
Uα, such that each irreducible factor of any L
i
α has maximal support Uα in ClU(Uα), the
closure of Uα in U , and that
Pi ≃
⊕
α
ICClU (Uα)(L
i
α),
as in Definition 2.1 (iii). Then by the transitivity of intermediate extensions [1, (2.1.7.1)],
we have
j!∗Pi ≃
⊕
α
ICClX(Uα)(L
i
α).
As we saw in the proof of Proposition 2.7, by enlarging the index set for α, we may
assume that, for each α and i ∈ I, the irreducible factors of Liα are Galois conjugate. Also,
for each α, the lisse sheaves Liα (i ∈ I) have the same number of irreducible factors, and
these factors are in (E′, I ′)-compatible correspondence, for some extension (E′, I ′). Then
by Lemma 2.6, for each α, the irreducible factors of any one of the Liα’s all have the same
maximal support inside ClX(Uα), denoted Vα. Finally, it remains to show that, for each α,
the system {Liα}I is (E, I)-compatible on Vα. Again as above, this follows from [8, Theorem
3], since we have reduced to the case where the Liα’s are punctually pure on Uα.
(ii). Let
Pi ≃
⊕
α
ICXα(L
i
α)
be the decomposition in Definition 2.1 (iii). We may replace Pi by ICXα(L
i
α), and replace
X by Xα. Changing notations, we now have, for i = 1, 2, Pi = ICX(Fi), where Fi is a
semisimple mixed local system on some regular irreducible dense open set U ⊂ X, and F1
and F2 are (E, I)-compatible. So we are back to the situation in the proof of Proposition
2.7. From the proof above, we have decompositions
F1 = L˜1 ⊕ · · · ⊕ L˜r, F2 = M˜1 ⊕ · · · ⊕ M˜r
into punctually pure sub-local systems, such that L˜j and M˜j are (E, I)-compatible with
each other. So by [8, Theorem 3], we see that ICX(L˜j) and ICX(M˜j) are weakly (E, I)-
compatible, thus P1 and P2 are weakly (E, I)-compatible.
Proposition 2.8. If {Ki}I , for Ki ∈W
b
m(X,Qℓi), is a weakly (E, I)-compatible system of
mixed complexes, then it is weakly perverse (E, I)-compatible.
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Proof. We may assume that I = {1, 2}. Let
[Ki] = [P
+
i ]− [P
−
i ]
be the canonical representatives. Then each P±i is a semisimple mixed perverse sheaf [1,
Stabilite´s 5.1.7 (i)]. By Proposition 2.7, it suffices to show that P+1 and P
+
2 are weakly
(E, I)-compatible: combined with the weak (E, I)-compatibility of K1 and K2, this then
deduces the weak (E, I)-compatibility of P−1 and P
−
2 , and one applies Proposition 2.7 again.
Again we may assume that X is the union of the closed supports occurring in any one
of P+i ⊕ P
−
i , and that X is integral. Then both P
+
1 ⊕ P
−
1 and P
+
2 ⊕ P
−
2 have an open
support. Let U = X0 − Y , where X0 is the intersection of all open supports occurring in
any one of the P±i , and Y is the union of all proper closed supports occurring in any one
of the P±i . Let
F
±
i := H
−dimX(P±i |U ) = (P
±
i |U )[− dimX],
which are semisimple mixed lisse sheaves on U . Then {[F+i ] − [F
−
i ]}I is weakly (E, I)-
compatible on U , namely for any x ∈ U(Fqv), we have an equality in E
σ−11
(
Tr(Frobx,F
+
1 )− Tr(Frobx,F
−
1 )
)
= σ−12
(
Tr(Frobx,F
+
2 )− Tr(Frobx,F
−
2 )
)
.
By Corollary 2.5.2, applied to the irreducible factors of F±i (i = 1, 2) altogether, there
is an extension (E′, I ′) of (E, I), with E′/E Galois, such that the local Frobenius traces
of any irreducible factor of F±i are contained in σ
′
i(E
′), and that for any embedding σ′ :
E′ → Qℓ′ , ℓ
′ 6= p, any one of these factors has a σ′-companion. Then from the equation
above, we see that F+1 ⊕ (F
−
2 )
σ′1 and F+2 ⊕ (F
−
1 )
σ′2 are (E′, I ′)-compatible, and using
an L-function argument as in the proof of Proposition 2.7, their irreducible factors are in
(E′, I ′)-compatible one-to-one correspondence.
Since F+i and F
−
i have no irreducible factors in common, one deduces, from the unique-
ness of companions, that the irreducible factors of F+1 cannot have their σ
′
2-companions
occurring in (F−1 )
σ′2 , and similarly for F+2 . Therefore, the irreducible factors of F
+
1 and
F
+
2 are in (E
′, I ′)-compatible one-to-one correspondence, and similarly for F−1 and F
−
2 .
We claim that F+1 has local Frobenius traces contained in σ1(E). As a consequence,
F
+
1 and F
+
2 , and hence F
−
1 and F
−
2 , are (E, I)-compatible. Let τ ∈ Gal(E
′/E), also
viewed as an automorphism of σ′1(E
′)/σ1(E). We have, for any x ∈ U(Fqv),
Tr(Frobx,F
+
1 )− Tr(Frobx,F
−
1 ) = τTr(Frobx,F
+
1 )− τTr(Frobx,F
−
1 )
= Tr(Frobx, (F
+
1 )
σ′1◦τ )− Tr(Frobx, (F
−
1 )
σ′1◦τ ),
thus
Tr(Frobx,F
+
1 ⊕ (F
−
1 )
σ′1◦τ ) = Tr(Frobx,F
−
1 ⊕ (F
+
1 )
σ′1◦τ ),
and by Lemma 2.5.1, F+1 ⊕ (F
−
1 )
σ′1◦τ ≃ F−1 ⊕ (F
+
1 )
σ′1◦τ . Therefore, since F+1 and F
−
1
have no irreducible factors in common, we have F+1 ≃ (F
+
1 )
σ′1◦τ , hence
Tr(Frobx,F
+
1 ) = Tr(Frobx, (F
+
1 )
σ′1◦τ ) = τTr(Frobx,F
+
1 ).
This finishes the proof of the claim.
Next, we repeat the construction in the proof of Proposition 2.7, with Fi therein re-
placed by F+i here, to get (E, I)-compatible lisse subsheaves L˜1 ⊂ F
+
1 and M˜1 ⊂ F
+
2 ,
punctually pure of the same weight. By [8, Theorem 3], ICX(L˜1) and ICX(M˜1) are weakly
(E, I)-compatible. This finishes the proof of the proposition: by the additivity of local traces
in the Grothendieck group of perverse sheaves, one deduces that [P+1 /ICX(L˜1)]− [P
−
1 ] and
[P+2 /ICX(M˜1)]− [P
−
2 ] are weakly (E, I)-compatible, and by induction on the length of P
+
i ,
we are done.
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3 The main result
Definition 3.1. We say that a complex F ∈W b(X,Qℓ) is perverse semisimple if it is iso-
morphic to a direct sum of shifted semisimple perverse sheaves, i.e. F ≃
⊕
n
p
H n(F )[−n]
and each pH n(F ) is a semisimple perverse sheaf on X.
Theorem 3.2. Let f : X → Y be a proper morphism of Fq-schemes, and let {Fi}I be a
strongly perverse (E, I)-compatible system of perverse semisimple mixed complexes on X.
Then {Rf∗Fi}I is strongly perverse (E, I)-compatible.
The properness assumption is made, in order to apply Deligne’s theorem on weights, as
we will see in the following proof.
Proof. We may assume I = {1, 2}. By passing to pH n and then to their direct factors
as in Definition 2.1 (iii), we may assume that Fi = ICU (Li), where L1 and L2 are (E, I)-
compatible semisimple local systems on a connected smooth locally closed subset U ⊂ X,
whose irreducible factors all have U as their maximal support inside U . Replacing X by
the closure of U , we may assume that U is open dense. Repeating the construction in
the proof of Proposition 2.7, with F1 and F2 therein replaced by L1 and L2 here, we get
(E, I)-compatible lisse direct summands L˜ ⊂ L1 and M˜ ⊂ L2, punctually pure of the same
weight. Replacing L1 and L2 by these two direct summands and using induction, we may
assume that L1 and L2 themselves are punctually pure, say of weight w.
By the purity theorems of Gabber [1, Corollaire 5.3.2] on middle extensions and of
Deligne [5, Proposition 6.2.6] on proper pushforwards, Ki := Rf∗ICX(Li) is a pure complex
on Y , of weight w + dimU . Therefore by [1, Corollaire 5.4.4], pH n(Ki) is pure of weight
w + dimU + n, for each n ∈ Z.
By [8, Theorem 3], ICX(L1) and ICX(L2) are weakly (E, I)-compatible. By the Grothendieck-
Lefschetz trace formula (see [8, Theorem 2]), K1 andK2 are weakly (E, I)-compatible, hence
are weakly perverse (E, I)-compatible, by Proposition 2.8. Let
[Ki] = [P
+
i ]− [P
−
i ]
be the canonical representatives. From the proof of Proposition 2.7, we have
P+i ⊕ P
−
i ≃
⊕
α
ICY α(M
i
α),
for some smooth connected locally closed subschemes Yα ⊂ Y , and for each α an (E, I)-
compatible system {M iα}I of semisimple punctually pure lisse sheaves on Yα, all of whose
irreducible factors have maximal support Yα.
Since the perverse cohomology sheaves pH n(Ki), n ∈ Z, have different weights, there
is no cancellation in
[Ki] =
∑
n
(−1)n [pH n(Ki)],
namely,
P+i ≃
⊕
n even
p
H
n(Ki)
ss and P−i ≃
⊕
n odd
p
H
n(Ki)
ss.
Thus for each n, we have
p
H
n(Ki)
ss ≃
⊕
α∈A
ICY α(M
i
α),
where A is the set of all α’s such thatM iα is punctually pure of weight w+dimU+n−dimYα,
a number that is independent of i. By Lemma 2.3, M1α and M
2
α have the same weight, so
the set A is independent of i. Therefore, {pH n(Ki)}I is perverse (E, I)-compatible for
each n, in other words, {Ki}I is strongly perverse (E, I)-compatible.
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The following is a “geometric” statement, in the sense that it is over the algebraic
closure F.
Corollary 3.3. Let f : X → Y be a proper morphism of schemes over F. Then the supports
occurring in the decomposition of Rf∗ICX(Qℓ) into shifted irreducible perverse sheaves, as
well as the connected monodromy groups of the irreducible local systems on each support,
are independent of ℓ 6= p.
Proof. Let E = Q, and I0 = {(ℓ, σℓ)|ℓ 6= p}, where σℓ is the unique embedding Q →
Qℓ. Let f0 : X0 → Y0 be a model of f over a finite subfield Fq ⊂ F. Then by [8,
Theorem 3], {ICX0(Qℓ)}I0 is a weakly (Q, I0)-compatible system of semisimple pure perverse
sheaves on X0, hence perverse (Q, I0)-compatible by Proposition 2.7. By Theorem 3.2,
{Rf0∗ICX0(Qℓ)}I0 is strongly perverse (Q, I0)-compatible, so for each n ∈ Z, we have a
decomposition (
pRnf0∗ICX0(Qℓ)
)ss
≃
⊕
α
ICY α,0(M
ℓ
α,0),
where for each index α occurring in the direct sum, {M ℓα,0}I0 is a (Q, I0)-compatible system
of semisimple mixed lisse sheaves on Yα,0, smooth and connected, such that each irreducible
factor of M ℓα,0 has Yα,0 as its maximal support.
Making a finite base extension Fqv/Fq if necessary, we may assume that all supports Yα,0
are geometrically connected. For each ℓ, making a further base extension Fqvℓ/Fq, of degree
vℓ a priori depending on ℓ, the irreducible factors of M
ℓ
α,0 are geometrically irreducible. We
claim that these degrees vℓ can be taken to be independent of ℓ. In fact, as we saw in the
proof of Proposition 2.7, (E, I)-compatible semisimple mixed lisse sheaves have the same
number of irreducible factors. Let ℓ0 6= p be a fixed prime. Then all the irreducible factors
of M ℓα,0, for any other prime ℓ 6= p, must be geometrically irreducible over Fqvℓ0 , since if
any one of them were to split over a finite extension of Fqvℓ0 , so would the corresponding
factor in M ℓ0α,0, contradicting to the choice of vℓ0 .
Therefore, by making a finite base extension, we may assume that all irreducible factors
of M ℓα,0, for all ℓ and α, are geometrically irreducible. Then the supports occurring in
pRnf∗ICX(Qℓ) are the Yα = Yα,0 ⊗ F, independent of ℓ.
The connected monodromy groups are by definition the identity components of the
Zariski closures of the images of the representations
ρℓαβ : π1(Yα)→ GL(V
ℓ
αβ)
corresponding to various irreducible factors M ℓαβ of M
ℓ
α on Yα. As we saw in the proof of
Proposition 2.7, the irreducible local systems {M ℓαβ,0}I0 , for each pair (α, β), are (E, I)-
compatible, punctually pure of some weight wαβ independent of ℓ, for some extension (E, I)
of (Q, I0). Then the last assertion follows from [4, Theorem 1.6], generalized to higher
dimensions (see the remark after loc. cit.).
Remark 3.4. (i) Weizhe Zheng suggested to me the following variant of Theorem 3.2.
Following [16, Definition 3.2.1], we say that a complex K ∈W b(X,Qℓ) is a split complex if
it is isomorphic to a direct sum of shifted perverse sheaves.
Theorem 3.4.1. Let f : X → Y be a proper morphism of Fq-schemes, w be an integer,
and let {Fi}I be a weakly (E, I)-compatible system of split complexes on X, each of which
is pure of weight w. Then {Rf∗Fi}I is strongly perverse (E, I)-compatible.
Proof. By [8, Theorem 2] and [16, Corollary 3.2.5], the system {Rf∗Fi}I is a weakly (E, I)-
compatible system of split complexes, pure of weight w. By [1, Corollaire 5.4.4], each
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pRnf∗Fi is pure of weight n + w, so by [17, Proposition 2.7], they are weakly (E, I)-
compatible, hence perverse (E, I)-compatible, by Proposition 2.7.
(ii) Weizhe Zheng has generalized Theorem 2.5 to Artin stacks with affine stabilizers
[18], as well as [8, Theorem 3] to Artin stacks (see the end of the article [17] for the claim;
as for the proof, combine [17, Proposition 5.7] and [11, Lemma 6.2] to reduce to the case of
schemes), and the author has generalized Deligne’s purity theorem for proper pushforwards
to such stacks [15, Proposition 3.9 (iii)]. Therefore, one can generalize Theorem 3.2 (as well
as Theorem 3.4.1) to such stacks as well, and the proof is verbatim:
Let f : X → Y be a proper morphism with finite diagonal between Fq-Artin stacks with
affine stabilizers. Let {Fi}I be a strongly perverse (E, I)-compatible system of perverse
semisimple mixed complexes on X. Then {Rf∗Fi}I is strongly perverse (E, I)-compatible.
A Erratum
Correction to the proof of [14, Theorem 3.9].
Yifeng Liu and Weizhe Zheng pointed out that Lemma 5.6.1, and hence the “Ku¨nneth
formula”, Theorem 5.6.5, in [10], are incorrect as stated (even for schemes), and informed
me that the proof of [14, Theorem 3.9], which cited the Ku¨nneth formula above on page
82, should be fixed.
Nevertheless, the Ku¨nneth formula is still valid in the situation therein. In fact, we had
reduced to the case where, in the notation in loc. cit., f1 : G → Y is a smooth morphism,
and in this case, the Ku¨nneth formula follows from smooth base change and the projection
formula.
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